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Abstract General equations of 
crystallization in variable conditions 
derived in the former paper [1] have 
been applied to non-isothermal 
crystallization of unstressed and 
unoriented polymers. Crystallization 
rate involving transient and athermal 
effects is controlled by temperature, 
T, and cooling rate, J'. Experimental 
procedures leading to determination 

of three temperature-dependent 
material functions: steady-state 
crystallization rate, Y~t(T), relaxation 
time, r(T),  and athermal nucleation 
function, Z ( T ) ,  are outlined. 
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General equations of non.isothermal crystallization 

In ref. [1] a new model of crystallization kinetics in vari- 
able external conditions has been developed. The model 
takes into account transient and athermal effects, and 
a variety of time-dependent external conditions. Variable 
temperature, T, pressure, p, stress, a, and other conditions 
form time-dependent vector of external conditions 

T(t) = {T(t), p(t) ,  a( t)  . . . .  } . 

The terms "isothermal" and "non-isothermal" are used 
in a general sense, and concern variations of all conditions 
characterized by the vector ~g(t). 

The model is based on the modified Kolmogoroff-  
Avrami Evans treatment of phase transitions [~5 ] .  
Along with the linear measure of the degree of transforma- 
tion, i.e., volume fraction of the crystallized material 

a non-linear measure is used 

m is a model constant, which in isothermal conditions 
reduces to the Avrami exponent. The non-linear trans- 
formation (crystallization) rate, 

S ( t )  = dP/d t  oc t~ 1 (4) 

a function of time and time-dependent conditions 7J(t), in 
the isokinetic approximation reduces to crystallization 
half-period, t~. 

In variable external conditions, d ( t )  is a sum of ther- 
(1) mal and athermal contributions, and can be presented in 

the form [1] 

s ( t ,  ~'(E)) = Sth(t ,  ~)  + Sa~( t ,  ~', ~') 

= .;~,[1 + 4'.z(t, ~( t ) ) ] .  (5) 

Z, a vector in the space of conditions ~, characterizes 
athermal nucleation. The exponent # depends on whether 
athermal mechanism affects nucleation and growth, or 
only one of these processes. 

(2) Thermal contribution to crystallization rate results as 
an integral 

(3) ~(;h(t, ~e) = e-~ ~fo + ie~'S~,[V'(~.')~d~_ ' , (6) 
0 

7q 

P(t) = [ -  ln(1 - X(t))]l/mc (0, OO) 



706 Colloid & Polymer Science, Vol. 274, No. 8 (1996) 
�9 Steinkopff Verlag 1996 

where 

[ dt' 

"c(~ v) is relaxation time, and Sst(~ v) - steady-state crystalli- 
zation rate, both functions of external conditions. Equa- 
tions (5)-(7) provide a basis for the general model of 
non-isothermal crystallization. 

Non.isothermal crystallization controlled by temperature 

In this paper we consider a simple case of non-isothermal 
crystallization in which the vector of external conditions, 
~, has only one component temperature, T 

~P(t)~ T( t ) .  

Temperature distribution is assumed uniform 

V T = 0 .  

All vector and tensor characteristics appearing in the gen- 
eral model reduce to scalar functions of temperature, T. 
This yields crystallization rate controlled by thermal nu- 
cleation in the form 

I rl~ eCJfst(T')dT'~ (10) 

We assume that athermal effects are present only in pri- 
mary nucleation, while growth is controlled by a pure 
thermal mechanism. This leads to # = 1/(n + 1), where 
n denotes dimensionality of growth, and athermal func- 
tion, Z ( T  ) is a characteristic of three-dimensional primary 
nucleation (Z = Z3). The total crystallization rate from 
Eq. (4) reduces to 

S ( t ,  T(t), J'(t)) = Y4h(t, T(t))[1 + T - Z 3 ]  1/(n+ J') 

I e ~ y ~ ( T , ) d T , ~  
= g--{ J~'/'0 q- Tit) ~ J [1 + T ' Z 3 ]  1i<~+1) 

T(0) 
(11) 

In Eqs. (10) and (11) unique relation between time and 
temperature has been assumed, and T is taken as the 
integration variable. The variable 4, expressed as an inte- 
gral over temperature, reads 

i. dr' T(t) dT '  
~(t)= rl-r(t ')] + ~ ( r ) =  J" r ( T ' ) T "  o T(0) 

The integral in Eq. (10) representing thermal crystalliza- 
tion rate can be expanded in a series of cooling rates. We 

introduce a dimensionless cooling rate variable 

u - "cJ'/r = r.  (dln T/dO = dln r/d~ (13) 
(7) 

which yields 

e ~ e*J~f'~t(r')dr' 
"c(T')T = Y~t(T) - u [dY~t/dln T]  

+ u 2 [d2~%t/d In T 2 -t- (dS~L/d In T ) (d In u/d In T)] 

- u3[d3X~jdln T 3 + 3(d2yt"~t/dln T z) (dlnu/d In T) 

+ (d f s , /d ln  T)(d21n ~i'/d In r 2 + d21nr/d In T 2 

+ 2(dlnu/d In T)2)] + u4[ .-- ] + ... (14) 

where 

(8) d l n u / d l n r = d l n T / d l n T + d l n r / d l n T - l .  (14a) 

When crystallization follows prolonged heating, the 
integration constant 

(9) 
C = duo - [2/d~, -- u(dYst/dln T) + ""IT=To (15) 

is small and can be neglected. 
The ratio of athermal to thermal nucleation is propor- 

tional to cooling rate and relaxation time (cf. Appendix). 
For three-dimensional primary nucleation 

(J~ath/J~th)3 = 'ib" Z3 ~- u .  x43(T ) (16) 

and A 3 is a material characteristic. 
The total crystallization rate can be expanded in 

a series of the dimensionless cooling rate variable u, and 
presented in the form 

Y ( t )  - Ce-r + uA3(T)] 1/(n+l) 

= • s , ( r ) [ l + f z u + F 2 u 2 + F 3 u 3 +  . . - ] .  (17) 

The coefficients Fi are functions of temperature 

8 in ~,Ust 1 
FI(T)  - 8 1 n ~  + ~ A 3 ( T )  (18) 

F2(T) (?z In 'X/st 81nffUSt(dlnu/dlnT) 
81n T ~ + 81n~-T-- 

( e lnXs t~  2 1 /81nXs, 1 n A ) 
+ \ alnT / +u25A3~ ~nT +5~Ui  ~ (19) 

The expansion (17) provides a convenient form of de- 
(12) scribing crystallization rate at slow cooling. At u--,0, 

Eq. (17) yields quasi-static model of non-isothermal crys- 
tallization [6] 

X'(t) --+ Yth (t) --* JC, t [-r (0] (20) 
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and in steady-state isothermal conditions, reduces to the 
Avrami constant, Km 

;,~'(f) -+ Of'st(T ) = Klm/m = const. 

Temperature.dependent crystallization 
rate characteristics 

In principle, kinetic characteristics of crystallization can 
be derived from the theory of nucleation. Both, primary 
nucleation and nucleation-controlled growth can be 
described by physical equations [7, 8]. In the Appendix we 
show basic equations of the nucleation theory, used for 
derivation of the steady-state crystallization rate, and the 
athermal nucleation function. 

Steady-state, isothermal crystallization rate, as defined 
in Eq. (4) is composed of nucleation, and growth character- 
istics. For n-dimensional growth (with linear growth rate 
/r of No pre-determined nuclei 

Y~t(T) = [No(/~(T)) n] ~/~ = N~/" I~(T) 

Temperature dependence of relaxation times is often 
presented in the Arrhenius form 

(21) z = zoexp [E,/kT] (27) 

(22) 

and for sporadic nucleation rate Nth followed by n-dimen- 
sional growth 

(23) 

j f~ t (T  ) .~ [ -~th(T ) ( ]~(T))n]  1/(n+ 1) 

J~th(T)l / (n + 1)(/~(v))n/(n + 1) 

Identifying ]gth in Eq. (23) with J~fth,st, 3 derived in the 
Appendix, assuming linear growth rate proportional to the 
two-dimensional nucleation rate 

~:(T) = Ro-G,,~,,:(T) (24) 

and assuming the same relaxation time for primary nuclea- 
tion and growth, we obtain the following expressions for 
isothermal, steady-state crystallization rate 

5g~t(T) = N~/nRoK2(TAT/T2m)exp [ --Ea/kT] 

x exp [- -- C2 T 2]  
- T ~ -  -j (25) 

for growth of predetermined nuclei, and 

Y{st(T) ~_ (RoKz)n/(n+ 1)K31/(n + 1)(TA T/T 2) exp [ - E,/kT] 

F -nC2TZm ] F -CaT3m ] 
•  n ~-r2 j (26) 

for sporadic nucleation and growth. The appropriate con- 
stants are given in the Appendix (Table AI). 

with constant activation energy, E,, or as a semi-empirical 
Williams-Landel-Ferry (WLF) equation [1 lJ 

I - -  17.44(T -- Tg)] 
~: = r(rg)exp - ~-_--~g+ 5-1~-6 J (28) 

Tg denotes glass transition temperature. 
Assuming that athermal effects appear only in the 

primary nucleation, we will use athermal correction for 
three-dimensional nucleation (cf. Appendix, Eq. A25). 

(J~fath, st/~Tth, st)3 ~ '/~' Z3  ~ b/. x4 3 . (29) 

The material function As(T) results in the form 

A3(T) -~ - 
8(C3 O" 3 T,~) 4 

9 (Do.s/T) Ah4(A T) 5 v~/3 

8hc~(~3 Tin) r 
~- 9kzoAh4(AT)Sv~/3 . (30) 

The ratio (Do.3/T) is independent of temperature, if abso- 
lute reaction rate theory (Eq. A8) is applied. Below the 
melting temperature, Tin, A3 is negative, and the athermal 
correction (u. A3) is positive whenever cooling is applied 
(f < o). 

Quantitative evaluation of Eqs. (22)-(30) requires the 
knowledge of many parameters, such as melting temper- 
ature, glass transition temperature, heat of fusion, interface 
tensions, molecular volume of the kinetic element, trans- 
port activation energy, relaxation time(s), variables de- 
scribing geometry of clusters (cz, c3, Ro), growth diffusion 
coefficients, concentration of predetermined nuclei, dimen- 
sionality of crystal growth, etc. Not all of these parameters 
are known, and values of those characteristics which have 
been measured (Ah, O-g, o-e, Tm) , scatter in a wide range, 
dependently on the sample and measuring technique. Geo- 
metrical parameters are usually subject to assumption, and 
so are diffusion coefficients D0.2, Do.3. 

Nucleation theory itself involves many simplifications 
which limit its applicability to a narrow range of condi- 
tions. Linear dependence of the free energy of aggregation 
on temperature (Eq. A1) is justified only in the vicinity of 
thermodynamic equilibrium, i.e., for small undercooling. 
Applicability of the theory of chemical reactions to the 
"growth diffusion" coefficient ~gr( r )  can be questioned. 
Atl this makes application of the nucleation theory with 
a priori determined material parameters, impractical, if 
quantitative description of crystallization is sought. 
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Crystallization rate characteristics derived from the 
nucleation theory can provide a basis for qualitative dis- 
cussion. We will present such an analysis in one of the 
following sections. For quantitative description of techno- 
logical processes where external conditions change in 
a wide range, another approach must be used. Basic ki- 
netic characteristics f s t ( r ) ,  r(T), A3(T), will be postu- 
lated as empirical functions with a small number of para- 
meters, and the latter will be determined for each material 
by direct experiments. The form of empirical functions 
should be consistent with theoretical (physical) predictions 
and should describe the correct asymptotic behaviour. 

The equation for temperature-dependent crystalliza- 
tion rate, may be postulated in the form, derived from the 
nucleation theory (cf. Appendix) 

Sst(T) = consh.  (TA T/T2m)exp [ -- E~/kT] 

[--const2- T~m] F-const~-T3m] 
x exp[[ ~ -  ] e x p L  T ( ~ 2 - - ] .  (31) 

Quantitative evaluation of Eq. (31) requires the knowledge 
of consti, const2, const3, melting temperature, Tin, (ap- 
pearing in the undercooling), and activation energy, E,. 

For qualitative theoretical analysis, the constants in 
Eq. (31) can be related to physicaI parameters of the 
nucleation theory (see Table A1 in the Appendix). Assum- 
ing that crystallization involves n-dimensional growth of 
No pre-determined nuclei, we obtain 

consh = N~/nRoK2 
const2 = C2 (32) 

const3 = 0 . 

In the case of sporadic nucleation followed by n-dimen- 
sional growth, we have 

fff-1/(n + i) constl = (RoK2) ~/(n+ i).~3 

conste = nCi/(n + 1) (33) 

const3 = C3/(n + 1) . 

Some parameters: Ro, C0,2, C0,3 (included in K2 and 
K3), are not defined by known physical parameters. 

An approach alternative to Eq. (31), consists in fitting 
experimental data with purely empirical equations. The 
present author [6] postulated for this purpose a Gaussian 
function. The function should be truncated in the range 
where crystallization is excluded for thermodynamic 
(T > Tm), or kinetic reasons (T < Tg) 

X~,(T) = 

r m a x )  /D�89 f o r  T m < T < Tg f S m ~ e x p [ -  4 1 n 2 ( T -  2 2 

[0 for T > T m ,  or T < T g  
(34) 

The material constants appearing in Eq. (34) have been 
compiled for several polymers in ref. [12]. Two examples 
are shown in Table 1 below. 

Relaxation time, r(T) will be postulated in the Ar- 
rhenius form, Eq. (27), with two adjustable constants, %, 
and E~. Constant, but adjustable activation energy seems 
to offer more flexibility for fitting experimental data than 
the WLF formula (Eq. 28), where activation energy is 
uniquely determined by glass transition temperature, Tg. 

The fact that maximum crystallization rate temper- 
ature, T ..... and maximum crystallization rate, J~/'max a r e  

known for many polymers, makes possible refinement of 
the ill-defined parameter constl in Eq. (31). Substitution of 
experimentally determined coordinates of the maximum 
crystallization rate, ( i f  max, Tma• eliminates four para- 
meters: Co,2, Co, g, Ro, and %. 

The athermal nucleation correction is postulated in the 
form derived from the nucleation theory (Eq. 30) with an 
adjustable material constant consh 

A3(T) = - const4. (Tm/A T) 5 . (35) 

Experimental determination of the kinetic characteristics 

Steady-state crystallization rate and relaxation times can 
be obtained in a series of standard, isothermal crystalliza- 
tion runs performed at different (constant) temperatures. 
Crystallization experiments should follow prolonged heat- 
ing above Tin. Such a treatment, simulating conditions 
occurring in technological processes, is intended to destroy 
ordered structures possibly existing in the polymer prior to 
crystallization and to reduce the constant C in Eq. (15). In 
isothermal conditions athermal effects disappear, and time 
effects are confined to relaxation 

2U(~; T) = (Y0 - Sst(T))e t/~ + Jfst(T) . (36) 

Steady state crystallization rate at each temperature, may 
be obtained from the asymptotic behaviour at t -~ oQ 

Xst(T) = lim Y(t ;  T) (37) 
t ~ m  

and relaxation time, z, from the slope 

[~(T)] - i  = dln Jig'st(T) - JU(t; T)]/dt. (38) 

Determination of the athermal function A~(T), re- 
quires nonisothermal experiments performed at constant 
cooling rate. 

Consider a series of crystallization runs covering the 
entire range of crystallization temperatures, i.e. starting at 
(or above) the melting temperature, Tin, and ending at (or 
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below), glass t ransi t ion tempera ture ,  Tg. Crystal l izat ion 
experiments  should be per formed at different, but  constant  
cooling rates. Fo r  each run, end value of crystallinity, P~, 
is determined,  and entire set of da ta  forms a function, 
P~(f). 

In the discussed model,  Po~ is determined by the inte- 
gral 

P~(5  b) = [ - ln(1 - x o o ) ]  1/m ~-- 
t(T~,) 

S ( t ;  7")dr 
t(Tm) 

1 Tm 
= --=- ~ ~f ' (T;  T ) d T .  

T T~ 
(39) 

Using the expansion (17), we obtain  

T,n Tm 
- J~.P~(J')  = ,( S s t ( T ) d T  + 4F ~ J {~ , (F~r /T )dr  

T~, Tg 

+ j~2 ~ dT.st(F2z2/T2)dT + . . . .  (40) 
Tg 

When the process is quasi-static, the produc t  (J ' .  P~o) re- 
duces to a mater ia l  cons tant  

Tm 
l i r a  ( J - . P < )  = - 5 J f s t ( T ) d T  = c o n s t .  
~ 0  Tg 

First  derivative with respect to J~ 

Tm 

- d(T.  Po~)//di" = f S ~ t ( F ~ r / T ) d T  
Tg 

Tm 
+ 27~ ~ .Xs t (F2z2 /T2)dT + ... 

Tg 

taken in the limit T = 0, with F ,  f rom Eq. (18) and ather-  
mal  function, A 3 ( T )  f rom Eq. (35) yields 

d(f. P~) T,,, ] 
const4 = (n + 1) Tm 5 lira ~ ( d ~ t / ~ T ) z d T  

* + 0  dJ~ T~ 

//~ ~/st , !o~-TT~dT. (43) 

In the last integral in Eq. (43) there appears  a weak 
singularity, when T approaches  Tm: both,  "~Pst in the nu- 
mera to r  (exponentially) and A T in the denomina to r  (lin- 
earily) app roach  zero. The singularity can be removed  by 
integrat ing in the limits (Tg, r m - g). 

Using Eqs. (37), (38) and (43), all three mater ia l  func- 
tions, i f  st(T), r (T) ,  A3(T)  can be obta ined f rom direct 
experiments.  The  dimensional i ty  exponent ,  n, must  be as- 
sumed, or t reated as an adjustable constant.  

Numerical testing 

Inpu t  da ta  

(41) We will test non- iso thermal  crystall ization effects for iso- 
tactic poIypropylene (i-PP) and polyethylene terephthalate 
(PET). I so thermal  crystall ization rate will be approxi-  
ma ted  with the t runcated Gauss ian  function (Eq. (34)), and 
relaxat ion time with the Arrhenius equat ion  (Eq. (27)). The  
mater ial  da ta  used for testing are listed in Table  1. 

Molecular  pa ramete rs  of the nucleat ion theory (Ah, as, 
r T~,  etc.) are derived f rom isothermal  crystall ization 

(42) [13, 14]. Pa ramete r s  of the empirical  crystall ization rate 
function (Eq. 34), have been collected in ref. [12] from 

Table 1 Nucleation and 
crystallization characteristics 
for isotactic polypropyiene and 
polyethylene terephthalate 

Data i-PP ref. PET ref. 

heat of fusion, Ah x 10 -9 erg/cm 3 1.4 [13] 1.8 [14] 
interface tension, (side) ~rs, erg/cm 2 10 [13] 10.2 [14] 
interface tension, (end) ~e, erg/cm 2 122 [13] 190 [14] 
23 = (a20"e) 1/3, e r g / c m  2 23 [13] 27 [14] 
molecular volume of a single 1.5 5.86 
kinetic element, v0 x 1022 cm 3 
melting temperature, Tm, K 481.2 [13] 553 [15] 
glass transition temp., Tg, g 253 [16] 343 [15] 
max. cryst, rate, K ..... s -1 0.55 [t2, 16] 0.016 [-12, 15] 
max. cryst, temperature, T . . . .  K 338.2 [12, 16] 463.2 [12, 15] 
half-width of the cryst, rate- 30 [ 12, 16] 32 [ 12, 15] 
temperature curve, D~, deg 
relaxation time % x 10 ~, s 1.72 [17] 333 
activation energy, M/mole 76.8 [17] 54.8 [19] 
athermal constant, A3 x 1011 10178 5.166 
(calculated from Eq. 28) 
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experimental data [15, 16]. Relaxation time for poly- 
propylene has been based on our recent study of memory 

G O -~ 
effects in isothermal crystallization [17]. It is not certain 
that so calculated (rather long) relaxation times are rel- ~o 
evant for crystallization kinetics. At the present moment 
we do not see any better source of the ~(T) function, ~o -o 
though. Activation energy for polypropylene (from crystal- ~ ~o -, 
lization memory) was reasonably consistent with that from 
diffusion in the melt [18], or melt viscosity. For PET, 10-'~ 
activation energy has been taken from viscosity data [19], lO .... 
and the pre-exponential factor %, arbitrarily adjusted so, 
that relaxation time in the temperature of melting is 50 s. 

Figure 1 presents steady-state crystallization rate, 
J ~ ( T )  from Eq. (34) and relaxation time, v(T) for both 
polymers. 

1 0 -4 

/ 
/ 

/ /  

d T / d t = c o n s t  ~ 

\ 

.... 5~ ..... ~'4~ ..... g+6 ..... 5g~ ..... ~6d ..... 4'2~ ..... 4'4o 
T e m p e r a t u r e ,  T, K 

10 ~ , . . . . . . . . . . . . . . . . . . . .  
2 6 0  2 8 0  300 

Fig. 2 Thermal crystallization rate, ~h(T, 7 ~) for polypropylene, vs. 
temperature. Constant cooling rates, I 7~ l, (deg/s) indicated 

Relaxation effects in thermal crystallization 

1 0 -2 

Figures 2 and 3 present thermal crystallization rate, cal- 
culated from Eq. (10) for polypropylene and PET. The ~o _4 
process is assumed to start at Tm, and the integration 
constant, Ko in Eq. (10) is assumed to be zero. 

1 0 -6 

Solid lines in Figs. 2 and 3 describe thermal crystalliza- 
tion rates, Sth(T, 20), dependent on temperature and cool- T 

1 0  -~ 
ing rate. Dashed lines represent steady-state values, 
.X~t(T). The same data, reduced by ~f;t are shown in Figs. 

1 0  -~G 
4 and 5. It is evident that, with increasing cooling rate, 
actual crystallization rates deviate from steady-state 
values, and the more so, the higher is ] 20[. In the range of 1 o -'_ 
high crystallization temperatures (T > Tmax) steady-state 
crystallization rate increases as the polymer is cooled 
down. The increase of actual crystallization rate, however, 
lags behind that of .X~t. Below T . . . .  steady-state crystalli- 
zation rate decreases, but the reduction is slower. 

o 1  v . _  ~ 

/ 

/ / /  

l 

)'"'~'d'":~b'd'"~:'4'd"q:~'d'":/'~'d"';+Td"g~5"g'~'(5'"~3'5"'B~'6 ~ 
T e m p e r a t u r e ,  T, K 

Fig. 3 Thermal crystallization rate, J~h(T, IP) for polyethylene, 
terephthalate, vs. temperature. Constant cooling rates, I T I, (deg/s) 
indicated 
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Fig. 1 Steady-state crystallization rate, Xst, and relaxation time, 3, 
for isotactic polypropylene and polyethylene terephthalate, vs, tem- 
perature, T 
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T e m p e r a t u r e ,  T ,  K 

1 0  -4  

I i I 0 I] 

i 0.01 

~ i 0. I  

Fig. 4 The ratio of thermal crystallization rate to steady-state crys- 
tallization rate, )f'~(T, J')/Y,,(T) for polypropylene, vs. temper- 
ature. Constant cooling rates, I TI, (deg/s) indicated 
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Fig. 5 The ratio of thermal crystallization rate to steady-state crys- 
tallization rate, Jfih(T, J~)/J{~t(T) for polyethylene terephthalate, vs. 
temperature. Constant cooling rates, IT], (deg/s) indicated 
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Fig. 7 Steady-state, thermal, athermal, and total crystallization rate 
components for polypropylene, in the vicinity of melting temper- 
ature. Cooling rate, J 2#J = 10 deg/s 
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Fig. 6 The ratio of athermal to thermal nucleation rate, J~rath/J~th for 
polypropylene and polyethylene terephthalate, vs. temperature. Con- 
stant cooling rates, L2Pl, (deg/s) indicated 
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Fig. 8 Steady-state, thermal, athermal, and total crystallization rate 
components for PET in the vicinity of melting temperature. Cooling 
rate, I TI = 1000 deg/s 

Athermal nucleation 

The ratio of athermal-to-thermal nucleation has been 
calculated from Eqs. (29) and (30). Figure 6 presents 
(J~ath/J~th) plotted vs. crystallization temperature. It is evi- 
dent that athermal effects for polypropylene are stronger 
and concentrated in the range of lower temperatures. Since 
athermal ratio is proportional to (A T)-5 ,  very high values 
appear in the vicinity of melting temperature (481.2 and 
553 K, respectively, for polypropylene and PET). Smaller 
athermal effects in PET may be related to shorter (as- 
sumed) relaxation times. It is evident that athermal process 
provides the only (if any) nucleation mechanism in the 
vicinity of melting temperature (A T ~ 0). At high enough 
cooling rates (smaller for materials with long relaxation 
times, higher for PET) the ratio J~ath/J~th may assume large 
values, some 10-100 deg below Tm. 

Total crystallization rate. Contribution of athermal 
and relaxational effects 

Figure 7 presents temperature dependence of crystalliza- 
tion rate components for polypropylene at a moderate 
cooling rate, l iPl = 10 deg/s. Similar data for PET at 
I T I = 1000 deg/s are shown in Fig. 8. As demonstrated 
before, strong relaxational effects appear in both polymers 
in a wide range of temperatures and cooling rates. Ather- 
mal effects are much weaker and are limited to temper- 
ature region close to melting temperature. Within 1-5 
degrees below Tm crystallization in both polymers (if any) 
is dominated by athermal effects. In polypropylene at 
12Pl = 10 deg/s (Fig. 7) contribution of athermal crystalli- 
zation rates is still considerable 40 degrees below Tm. For 
PET at small cooling rates, athermal effects disappear 
completely within few degrees below Tm. At a high cooling 
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rate }it'} = 1000 deg/s (Fig. 8), some a thermal  effects are 
visible a round  15 deg below Tin. 

Thermal  crystall ization rates in the vicinity of melt ing 
tempera ture  are very small (Figs. 7 and 8) and, even if 
~K,,t~ exceeds zf;~ by a few orders of magni tude,  it is not  
necessarily true that  it will contr ibute  to final crystatlinity 
of the material .  The quest ion whether  a thermal  nucleat ion 
does affect crystallinity in an industrial  process (where 
po lymer  is cooled down f rom the melt  to room,  or glass 
transit ion temperature) ,  requires analysis of  the behavior  
in the range of m a x i m u m  crystall ization rate, The  nucle- 
at ion ratio, J~ath/]~Yth and componen t s  of  crystall ization 
rate taken at the respective m a x i m u m  crystall ization rate 
temperatures, Trnax, have been plot ted vs. cooling rate in 
Figs. 9 and 10. Thermal ,  a thermal ,  and total  crystall ization 
rates have been reduced by the m a x i m u m  value, K ....  . 
It  is evident that  the actual  crystall ization rate is consi- 
derably smaller than the steady-state  values, and the more  
so, the higher cooling rate is applied. Fo r  po lypropylene  
(Fig. 9), deviat ion of 2/Y~ot f rom ~st  can be observed at 
J TI  as small as 10-4deg /s ;  for P E T  (Fig. 10) at 
l ?'l = 10-  ~ deg/s ,)f;ot practically coincides with the quasi- 
static characteristic.  

In the case of  po lypropylene  (Fig. 9) a thermal  con- 
t r ibut ion appears  in a wide range of cooling rates. At 
I r l  = 10 deg/s, ~/:ath amoun t s  to ca 21%, and at 
1000 deg/s - to ca 72% of the total  crystall ization rate. Fo r  
polyethylene terephthala te  (with assumed molecular  char-  
acteristics) significant a thermal  contr ibut ion at T ... .  does 
not appea r  below I06 deg/s (Fig. 10). At I TI = 106 deg/s, 
a thermal  mechanism accounts  for 3.5% of crystall ization 
rate, to grow to 66.8% at lT1 = t0  ~ deg/s. So high cooling 

Fig. 9 Components of reduced crystallization rate characteristics for 
isotactic polypropylene at T = T . . . .  vs. cooling rate, [ T [. Solid lines 
represent: the ratio of athermal to thermal nucleation rate, 29,~h/?~, 
reduced athermal, C/{~,h, and total crystallization rate, 3f;o, = 
,~h + ~f:~a,. The dashed line shows thermal crystallization rate, Jg;h. 
All crystallization rates are reduced by the maximum crystallization 
rate, Kmax 
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Fig. 10 Components of reduced crystallization rate characteristics of 
polyethylene terephthalate at T = T . . . .  vs. cooling rate, I TI. Solid 
lines represent: the ratio of athermal to thermal nucleation rate, 
N,~h/Nth, reduced athermal, Zd, th, and total crystallization rate, 
,~'f,~o~ = 3t,~h + Sash. The dashed line shows thermal crystallization 
rate, ~h .  All crystallization rates are reduced by the maximum 
crystallization rate, K ~  
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Fig. 11 Components of the degree of transformation (crystallinity), 
x, for isotactic polypropylene as a function of cooling rate. Solid lines 
correspond to quasi-static, transient thermal, and total (thermal + 
athermal) contributions. Dashed line characterizes the minimum 
leveI of crystallinity which can be measured (x = 0.01) 

rates do not  appear  in po lymer  processing and hardly can 
be produced  in l abora to ry  conditions. 

Figures 11 and 12 present  various contr ibut ions  to 
crystallinity, x, obta ined  in non- iso thermal  processes in- 
volving constant  cooling rate ]TI- It  is evident that  total  
crystallinity resulting from transient  thermal  and a thermal  
contr ibut ions  is considerably smaller  than a quasi-static 
one and approaches  the latter in the range of very small 
cooling rates. The difference between total  and thermal  
contr ibut ions  indicates a thermal  effects. Tak ing  into ac- 
count  the threshold of measurable  fraction of crystalline 
mater ial  (x = I%) ,  the resulting crystallinity is hardly 
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Fig. 12 Components of the degree of transformation (crystallinity), 
x, for isotactic polypropylene as a function of cooling rate. Solid lines 
correspond to quasi-static, transient thermal, and total (thermal + 
athermal) contributions. Dashed line characterizes the min- 
imum level of crystallinity which can be measured (x = 0.01). 
Assumed Avrami exponent n~ = 4 

affected by athermal nucleation. This conclusion may be 
changed when different material properties are considered. 

Discussion 

The model developed in this paper describes non-isother- 
mal crystallization kinetics in a wide range of temperatures 
and cooling rates. The model predicts reasonable asymp- 
totic behavior and, combined with reliable material func- 
tions: steady-state crystallization rate, s relaxation 
time, r(T), and athermal nucleation function, A3(T), 
should provide sound basis for quantitative information 
about crystallization in industrial processes. 

Experimental procedures leading to direct determina- 
tion of the material functions have been outlined. Deter- 
ruination of relaxation time can offer some problems. The 
method suggested in this paper (Eq. (38)) requires precise 
measurement of crystallization rate in a transient isother- 
mal process. Relaxation times can be measured using 
a variety of techniques, but it is not clear, what kind of 
relaxation mechanism is involved in transient crystalliza- 
tion. More studies are needed to elucidate this problem. 

Numerical testing of the new model has been based on 
available molecular and macroscopic parameters. Not  all 
material parameters and functions are fully reliable (e.g. 
relaxation times) and therefore the results presented in 
Figs. 1-12 should be considered as qualitative, rather than 
quantitative. Even if real characteristics are shifted to 
a different range of conditions, the qualitative picture of 
non-isothermal crystallization seems to be physically rea- 
sonable. 

It is evident that relaxational effects play an important 
role in non-isothermal crystallization. Unlike in the quasi- 
static process, thermal crystallization rate does not follow 
change of temperatures, but lags behind the steady-state 
crystallization rate, JEst(T ). In the range of high temper- 
atures, ~st increases with undercooling. Increase of the 
actual crystallization rate is slower, and the more so, the 
higher is cooling rate, 21". When, in the process of cooling, 
maximum crystallization rate temperature is reached, 
steady-state crystallization rate starts to decrease, but the 
actual crystallization rate levels off, or passes through 
a fiat maximum. Generally speaking, transient crystalliza- 
tion rates (i.e., ones including relaxational effects) are 
smaller than steady-state rates used in the earlier models of 
non-isothermal crystallization. Dependently on cooling 
rates and relaxation times, this reduction can amount to 
many orders of magnitude. 

Atherma[ effects are much smaller and very sensitive to 
material characteristics. For isotactic polypropylene, non- 
isothermal crystallization seems to be affected by athermal 
nucleation already in the range of small cooling rates 
(1 7`1 > 10 deg/s). Athermal effects in polyethylene tereph- 
thalate (with material characteristics as assumed in 
Table 1) are confined to temperatures very close to melting 
temperature and/or extremely high cooling rates 17"1> 
10 6 deg/s. Even if athermal nucleation does not contribute 
to final degree of crystallinity (Figs. 11 and 12) the number 
of athermal nuclei produced in the system, may affect 
secondary crystallization of samples subjected to rapid 
cooling. 

As mentioned above, numerical calculations have been 
based on rather incomplete and uncertain material data, 
and therefore can be considered as qualitative. Experi- 
mental determination of the basic material functions is 
necessary for any reliable, quantitative predictions. 
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Appendix A 

Basic equations of the nucleation theory [7, 81 

More recent theories of crystal nucleation consider anisot- 
ropic clusters whose configuration is described by many 
variables characterizing size and shape; thermodynamic 
properties of such clusters involve surface energy density, 
different for different crystal faces [8]. For  the sake of 
simplicity, we wilt consider a reduced model of nucleation 
close to the original treatment [7] in which cluster size is 
characterized by a single variable, g (cluster size), and one 
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Fig. A1 Scheme of three- 
dimensional (primary) 
nucleation. Single kinetic 
elements are attached to all 
faces of the growing cluster 

Fig. A2 Scheme of two-dimensional (secondary) nucieation. The 
cluster forms monomolecular layer on crystal surface and grows in 
the lateral directions 

average surface energy characteristic, a. This model de- 
scribes isotropic clusters, or anisotropic clusters which, 
during their growth maintain constant, thermodynami- 
cally most probable shape, with minimum free energy. 

Two types of nucleation will be considered: three-di- 
mensional, bulk nucleation, leading to primary crystal 
nuclei (Fig. A1), and two-dimensional, surface nucleation, 
responsible for nucleation-controlled growth (Fig. A2). In 
subsequent formulas, individual cases are marked by sub- 
script "i" (i = 2, 3). 

Free energy of the transition of g single kinetic ele- 
ments, each of volume Vo, into an /-dimensional, g-size 
cluster consists of bulk and surface contributions 

Alei(g) = - Ah(A T/Tm)vog + cicriv2/3 g (i- 1)/i (A1) 

where c~ is a shape factor. For a parallelepiped c 2 ~ -  4, and 
c~ = 6. Ah denotes heat of fusion, AT = T m  - T is under- 
cooling, a~ average surface energy density. In the case of 
isotropic clusters, there appears only one interface tension: 
a = a~ = ae, and, consequently a2 = ~r3 = ~r. For propor- 
tionally growing anisotropic clusters with axial symmetry, 
two different surface energy densities are involved: cr~ on 
the surface normal to symmetry axis, and a~ on the parallel 

surface. It can be shown that the effective average values 
appearing in Eq. (A1) read: a2 = a~ (growth in the direc- 
tion of the symmetry axis), a2 = (aeO~) 1/2 (lateral growth), 
and o" 3 = (aea:s) 1/3 (bulk growth). 

Critical size defining stable clusters (nuclei) is obtained 
from the condition: 

OAFi 
g = g * :  @ - 0  (A2) 

It is easy to show that 

F ( i -  1)r i 
g* = l i .  5/~ ~-T-~o~/3 j (A3) 

dg* ig* i ~(i-- 1)cio'iZm7 i 
d r  - A T -  AT  [ i . A h ~ ]  (A43 

Maximum free energy providing thermodynamic part of 
the potential barrier for nucleation results in the form: 

V(i 1)ciai Tm~ i-1 

It is evident that for three-dimensional, primary nuclei 
(i = 3), critical cluster size g* is proportional to (A T)-~; for 
secondary (surface) nuclei (i = 2) g*oc (AT) -3. Similarly, 
maximum free energy (thermodynamic barrier for nuclea- 
tion), AF*, is proportional to (A T) -2 for primary nuclei, 
and to (AT) -1 for secondary nuclei. 

In the simplified nucleation theory, cluster size distri- 
bution, Qi(g, t), is determined by the kinetic (Fokker- 
Planck) equation 

& ~g gr,,\~g + - - ~ - g  ] J k T  0; i = 2 , 3 .  (A6) 

The growth-diffusion coefficient, @gr,~ is equal to the 
dissociation rate coefficient, kS [8] 

~g~,i = ki- (T, g) = v exp [ - E, / kT]  (cig (i- 1)/i), (A7) 

where v is basic frequency of molecular motions enabling 
association-dissociation reactions, c~ is a dimensionless 
shape factor (identical to that in Eq. A1), and E, - activa- 
tion energy for diffusional transport of single kinetic ele- 
ments to and from cluster surface. The g-dependent term 
accounts for the number of sites on cluster surface avail- 
able for dissociation. 

According to the theory of chemical reaction rates [9], 
the frequency v is proportional to absolute temperature 
and reads 

v = k T / h ,  (A8) 

where k and h denote, respectively, Boltzmann and Planck 
constants. 
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For large clusters, free energy of aggregation does not 
contribute to the dissociation barrier, and only the trans- 
port barrier, E~, appears in Eq. (A7) (cf. ref. [10]). 

The transport activation term can be related to mo- 
lecular mobility and relaxation time, 

z = ~o exp [E~/kT] (A9) 

which, combined with Eq. (A7) yields 

~ g r ,  i = D 0 , i g ( i  1)/i~ 1 (A10) 

and 

kT 
D ~  = T "CoCi ' (All) 

In the case of primary nuclei (i = 3), aggregation rate is 
proportional to cluster surface (92/3); in the case of second- 
ary nuclei (i = 2) to cluster periphery (gl/2). 

Integration of the steady-state kinetic equation 
(8~/c?t = 0), with boundary conditions: 

~)i(g ~- 1) = Co,i 

~Oi(g = G>>g*) = 0 
(A12) 

yields steady-state distributions 

~)st, i (g)  = Co,i e -- A~'i,,'kT ygG (e -- &Fi/'kT/~ . gr, i) d g  
IG (eafq/kT /@ . ),4n 

Co,  i gg 

(z~ l~[//k T ) e - AF'dkT ~gG (e - AFi/'kT/~ " ~ d [~ / gr, I] v if- 1.~@gr, i /  
X 

(A13) 

1 \g / ~ g r ,  i/ 

(AI4) 

where Co,~ is a constant. The solution assumes a simple 
form at g = 9". First derivative of the free energy, 
(SAFff@), disappears. The kernels of integrals appearing 
in Eqs. (A13)-(A14) exhibit maxima in the vicinity of g*, 
and can be approximated by 

In [ eA~ ' jkT /~  .q Z l f f i (g*)  k / gr, l~ - -  k r  in ~g~,i(g*) 

(i - i)(g - g*) 

ig? + e [(g - g 7 7 3 .  (A15) 

The upper integration limit, G, is always large compared 
with g*, and can be replaced with infinity. The approxi- 

mate integrals assume the form 

~(eAfq/kT/~gr, i)dg ~ leAP/kT/~ , d ~ ' / gr , i )  g 
1 1 i*E j gi ( i -  1 ) ( g ~  - -  1! (eAipjkT/~gr , i )g=g ~ 

~- ~ exp i g* 

i * 
gi e(i-1)/iQ@ * ~ texp[Af f* /kT]  (A16) 

~- (i -- 1) , gr,D 

jq(eaV~/kT/~gr.i)dg ~-- ~ (eA~']kT/~gr, i)dg 
g* g* 

ig* (~ ,  .~_~ exp[AF*/kT].  (A17) 
- ( i  - - - 1 ) '  ~ r , .  

Substitution of the approximated integrals into the 
steady-state distribution yields 

O * ~s t , i (g i  ) "~ Co ,  i e - ( i -  1)/i exp [ - Aff*/kT] (A18) 

~}~gst, i . _~ _ C o  i i__7_- 1 
~ g  g=gi" ' i g i e - ( i - * ) / i e x p [ - A f f * / k T ]  

i - 1  
- ig~ 0st, i(g*) . (119) 

The number of stable (supercritical) clusters existing in the 
system at the instant, t, is given by the integral 

G 

Ndt) = ~ oi(g, t)dg.  (120) 

Differentiation of Eq. (A20) with respect to time yields 
nucleation rate, i.e., production rate of stable clusters 

,~(t) = d N j &  = 2qm,~ + P)~th,~ - (A21) 

The first term, thermal nucleation, provides a flux of clus- 
ters through the potential barrier Aff~ 

8 . .  0 i  ] 
Nth ,  i = - -  ~gr, i{ .0i  ) ~- - - /  " (A22) 

Gg [g=g7 

The second term, athermal nucleation, appears in 
nonisothermal conditions as a result of time-dependent 
critical cluster size g* 

Nath,  i * * = - (dg~/dt)Qdg~ ). (A23) 

Application of the approximate steady-state distribution 
(A18) and Eq. (110) yields 

J~th, st, i 

i - 1  
�9 t)/i D [~.~ 1/i 27-1 =Co, i i e-('- o, it~i ) e x p [ - A F * / k T ]  

kT  AhATv~ '3 exp [ - E~/kT] 
= Co,i e ( i - l ) / i  h 6 i T m  

x exp [ - A if*/k T ] (A24) 
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]~ath,  st, i ~ - -  C 0 , i  e - ( i - 1 ) / i  T(dg*/dT)exp [ - Aff*/kT] 

i T e_(i_ 1)/i exp [ - Aff*/kT]  = - C0,i  

where 7" = dT/dt, is cool ing  rate. 
The ra t io  of a the rmal  to thermal  nuc lea t ion  rates, 

based  on the a p p r o x i m a t e  d is t r ibut ion ,  results  as 

rT: i 1 - i ( i _  l ) i [  r  m ] i + l  

(J~Tath' st/~/-'t" si)i = U " Ai -- AT Do] [AhArvlo/3J 

J"c h i l-i f f  - " ILAh A r T'~- _]~ + ~ - r 

~ - l i + l  
J'h r  i _  f)i(cl)i rril m [ 

kT  d r  Ah d r v ~ / s j  

x exp [Ea/kT] �9 (A26) 

T e m p e r a t u r e  dependence  of  thermal  nuclea t ion  rate  

can thus be presented  in the form: 

29th. st, 3 = K 3 '  (TAT/T2m)exp [ - E j k T ]  

x exp [ --  C3 T ~ / T A T  2] (A27) 

for p r imary ,  th ree -d imens iona l  nucleat ion,  and  

Nth, st. 2 = Kg .  (TA T/T2m) exp [- - E, /kT]  

x exp [ - C2 T2m/TAT] (A28) 

for secondary,  two-d imens iona l  nucleat ion.  Values of the 
d imensionless  cons tants  K2, K3, C2, C3 are shown in 
Table  A 1. 

Table A1 Constants in steady-state nucleation rates 

Primary nucleation, i = 3 Secondary nucleation, i = 2 

Ki C O 3e -2/3kTmAhvl/3 Co 2e_l/2;.Tmzlhvl/3k 
' has ' her2 

4 (c3a3) 3 1 (c2a2)zv~/3 
Ci 27 kTmAh2 4 kTmAh 

ai (Go~) 1'3 (~o~s) */~ 

c~ 6 4 
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